AbsfrucGControllers for planar systems with one stable and one unstable pole under saturated input are considered. The requirements are: (i) global stability, i.e. the region of attraction is the null controllable region, (ii) possibility of enforcing any desired performance around the origin, and (iii) no chattering of the control signal in the presence of noise. A simple continuous noulinear state feedback controller is proposed that satisfies all these requirements. The performance of the proposed controller is compared in simulation with that of classical controllers such as linear state feedback and time optimal controllers.
I. INTRODUCTION
Linear systems with bounded inputs have been widely studied in the literature [9] , [6] , [4] . This type of studies is important since, in most practical situations, the range of inputs is in fact limited.
In this paper, the control of single-input linear planar systems (systems with 2 states) with saturated linear and nonlinear feedback will be considered. Especially, the emphasis will be on systems with one stable and one unstable pole. The three main requirements addressed here are as follows:
1) Global stability: Two important concepts pertaining to these systems have to be distinguished. First is the null controllable region C, i.e. the region in state space where there exists an open-loop input that can steer the system to the origin [I] , [4] , [5] , [8] . The The paper is organised as follows. In Section 11, delinitions and terms used in this paper are introduced. Section 111 provides the main idea behind the structure of the proposed continuous nonlinear controller. In Section IV, the global stabilisation in the null controllable region is discussed. Section V compares the proposed controller against the standard approaches. Conclusions are drawn in Section VI.
PRELIMINARIES

A. Linear planar system with input saturation
Consider a single-input second-order linear system with a stable and an unstable pole. Upon state transformation, the system can be written as: 
B. Equilibrium points and region of atfraction
Assume that the feedback ii(z) is a global stabiliser for (1). Then, system (3) has three equilibrium points. This conclusion, which regards an open-loop system with one stable and one unstable pole, does not apply to all other open-loop pole configurations (both poles stable or unstable) where the origin is the unique equilibrium point [I] . as:
The boundary of A is denoted by aA.
C. Manifoldi
Figure 1 for illustration):
Define the following hyperplanes and manifolds (refer to
The hyperplanes aC+ and aC-are the boundaries of the region C where the control is not saturated and aC0 is the hyperplane of zero control. The hyperplanes aC+ and aC- The proof is complete since every trajectory starting in C reaches X and every trajectory starting in X reaches D.
Thus, D is invariant.
Lemma 2 I f X l + XZ > 0 or (fz -ji) 5 0, fhen the nonsahrrated region L is an invarianf set for (8) .
Pmof: The lemma is proved by showing that the vector field of (8) points into the non-saturated region L for every point along the manifolds aL+ and aL-. Since aL+ and aL-are symmetric it suffices to prove it only for one manifold (X+, 4 = 1).
The slope of the tangent of aL+, SI, is given by:
Note that SI < 0 for fz < 0 and s1 > 0 for fi > 0.
vector field s2 is given by:
Noting that 2 2 = gG(z1) along BL+, the slope of the The vector field points into non-saturated region L if sz > s1 for s1 < 0 (fz < 0) and s2 < s1 for SI > 0 (fz > 0).
Since both s1 and sz have fz in the denominator, the two cases with fz > 0 and fi < 0 can be unified to give the following condition:
Xz -1 -f 1 . 1 + fZ(1 -1 .
< -f1+ Sgn(Z1)
A1
(1 -1. 11)(1 +.I) (1 - Due to linearity, the maximum of q5(z1) V -1 5 z1 5 0 occurs either at 2 1 = -1 or 11 = 0 depending on the sign of (fz -fi). If (fz -f i ) I 0, the maximum is at 5 1 = 0.
Thus, it is required to prove Xl(l+
which is verified since it is the H w i t z stability condition.
If ( f~ -f l ) > 0, the maximum is at x1 = -1, and the inequality (14) becomes:
Due to the Hurwitz stability condition, (l+fi) < 0, and due to the hypothesis, (XI + Xz) > 0, this condition is verified.
The next theorem is the main result where the global asymptotic stability in C is guaranteed under the condition Xl(2 + f l ) + Xz(l+ fz) < 0.
(15)
Since X i > 0, this is a slightly more restrictive condition than the Hunvitz condition X1(1+ fi) + Xz(l+ fz) < 0.
Theorem 2 r f f satisfies the condifions
then, the closed loop sysfem
is asymptotically stable for all initial conditions in C.
Proof First it is shown, using an extension of the In this case, V h is non-positive in both the saturated and non-saturated regions, and so there are no limit cycles either.
The proof of the theorem is now based on the application of the Poincare-Bendixson's theorem within the compact invariant set D. So, every trajectory of (17) starting at zo E C will either i) go to the equilibrium point at the origin, ii) tend to a limit cycle or iii) be a limit cycle itself. In the first part of the proof, it has been shown that there are no limit cycles. So, all trajectories in C converge asymptotically to the origin. Thus, the region of attraction is in fact A = C. and fz = -3
The controllers C1 and C4 are tuned such that both closedloop poles of the linear system are place at -2. As far as C2 is concerned, only the pole corresponding to the unstable mode can be influenced by the controller and this pole is placed at -2. The switching control law for C3 is given by The time evolution of the two states is shown in Figure  4 . For controller C2, the unstable state is damped quickly.
However, the damping of the stable state takes a long time. The best time performance for both states is given by the time-optimal controller C3. The controller C4 needs more time to damp the states but does better than C1. For initial conditions that are located nearer the origin, the performance of C4 and C1 is similar. C. Chaffering in the conhol signal For this example, pseudo-random white noise perturbation is added to the measurements of the state variables. Figure 5 shows the control signal U for all controllers. It is seen that the,control signals of C1, C2 and C4 show no chattering behavior since they are generated by continuous controllers. However, the control signal of C3 shows chattering when the state is near the origin (after t = 3.9[s]). Chattering is also present during the switching from U = -1 to U = 1 at t = 1.826 , , . 
VI. CONCLUSION
In this paper, a simple continuous nonlinear controller for the stabilisation of linear planar systems with one unstable and saturated input was proposed. It was shown that this controller is globally stabilising, i.e. its region of attraction is the null controllable region. Furthermore, it satisfies the desired performance locally around the origin. A third propelty of this controller is the absence of chattering in the control signal, which is a direct consequence of its continuity.
Though this paper dealt only with planar systems with one stable and one unstable pole, it is hoped that it can be extended to systems with two unstable poles. Also, the case with one unstable pole and multiple stable poles is of interest.
